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Abstract

This paper investigates combustion wave characteristics of lean premixtures in a porous medium burner. Heat recuperation originated
by the porous medium is examined by an one-dimensional numerical model. Attention is focused on the influences of solid properties,
heat loss, equivalence ratio, etc., on the combustion wave speed and the maximum combustion temperature attained in the wave. Based
on the flame sheet assumption a relationship between the combustion wave speed and the maximum combustion temperature is given.
Then an approach from the laminar premixed flame theory is applied and the entire flame zone is divided into a pre-heating region and a
reaction region, and treated separately. In this way, the second relationship between the two parameters is deduced. Thus a closed ana-
lytical solution for the combustion wave speed and the maximum combustion temperature is obtained. Over a wide range of working
conditions, the numerical predictions and theoretical results show qualitative agreements with experimental data available from the lit-
erature. The results reveal that the mechanism of superadiabatic combustion is attributed to the overlapping of the thermal wave and
combustion wave under certain conditions.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The research of filtration combustion in porous media is
drawing more and more attention in recent years: not only
for its wide applications, ranging from hydrogen produc-
tion, oil recovery, porous burner and heater, coal gasifica-
tion, combustion of low-calorific fuels to diesel engines, but
also for the good performance regarding emission
products.

Filtration combustion in inert porous media covers a
wide range and has been investigated extensively in the lit-
erature including experimental [1–4], analytical [5–7] and
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numerical studies [2,6,8]. Howell et al. [9] presented a
detailed review of this subject. Recent advance and remain-
ing questions in this area are summarized and reviewed by
Kamal and Mohamad [10].

In order to realize steady combustion in inert porous
media, the combustion wave has to be confined and held
inside the combustor. In general, there are two design
approaches commonly employed in porous combustion:
stationary and transient systems. In the first system steady
combustion can be achieved by controlling and holding the
combustion wave at the interface between two porous
media with different porosities or structures. However, this
is difficult for a transient system since in this case combus-
tion waves may move freely in the same or opposite direc-
tions as the flow of inlet mixtures. Thus, methods to
confine and fix the combustion wave within a specific
section of the combustor have to be developed and it is
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Nomenclature

A pre-exponential factor
c specific heat
d average diameter of sphere diameter
E activation energy
hv convective heat factor
Nu Nusselt number
P pressure
Pr Prandtl number
Q low heating value
R universal gas constant
Re Reynolds number
T temperature
T0 ambient temperature
ug gas velocity

ut thermal wave speed
uw combustion wave speed

Greek symbols

u equivalence ratio
e porosity
q density
r Stephan–Boltzmann constant
k thermal conductivity
xi reaction rate of ith species
b heat loss factor

Subscripts

g gas
s solid

J.-R. Shi et al. / International Journal of Heat and Mass Transfer 51 (2008) 1818–1829 1819
imperative for both theory and practical applications to
clarify the mechanism of combustion wave propagation
in porous media.

The low velocity regime (LVR) of filtration combustion,
according to the classification suggested by Babkin [11], is
of great importance in engineering applications and is char-
acterized by an intense heat exchange between the solid and
gas phases and a combustion wave velocity of about
0.1 mm/s. Zhdanok et al. [1] observed experimentally stable
combustion waves (with a velocity less than the mixture
velocities by a magnitude order of 3) co-current with the
gas flow and the superadiabatic effect was confirmed by
both experiments and a simplified mathematical analysis.
They firstly revealed coupling between the thermal and
combustion waves. It was shown that the temperature
increase across the wave was a function of the adiabatic
temperature Tad of the given gas mixture and a ‘‘coinci-
dence condition”, namely the ratio between the combustion
wave speed uw and thermal wave speed ut in the porous
media:

DT max
s;g ¼

DT ad

1� uw=ut

ð1Þ

The thermal wave ut is determined by

ut ¼
eqgcgug

ð1� eÞqscs

ð2Þ

where qgcg and qscs are the heat capacities of the gas and
solid, respectively, ug the gas velocity; e the porosity of
the packed bed. Eq. (1) is deduced by neglecting heat loss
to the surroundings. At the same time, the dimensionless
combustion wave speed u is defined by the following
expression using the one-temperature approximation:

u ¼ uw=ut ¼ 1� DT ad

DT s;i

� �2

� 4ba
hv

( )0:5

ð3Þ
where hv is the convective heat exchange coefficient be-
tween the gas and solid phases; a is a dimensionless param-
eter. Subsequently, Kennedy et al. [12] show that this
simple linear approximation could be improved by taking
into account the temperature dependence of

cp ¼ cpðT 0Þf1þ zðT � T 0Þg

to yield

u=ut¼ ð1�DT ad=DT maxÞþ ðz=2T maxÞ � f1�ðDT ad=DT maxÞ2g

In order to predict the combustion wave velocity and tem-
perature distributions in the packed bed, Foutko et al. [6]
suggested two parameters, i.e. the ignition temperature
Ts,i and the effective coefficient b for the heat exchange with
the surroundings at experimental conditions. To validate
the analytical solution, Foutko et al. [6] simulated the
experiments of Zhandok et al. [1] applying a one-dimen-
sional two-phase model with one-step kinetics. In their
study, radiation was taken into account by an effective con-
ductivity while gas phase transport was neglected.

Kennedy et al. [2] analyzed chemical structures of meth-
ane–air filtration combustion waves in a range of equiva-
lence ratios from 0.2 to 2.5. Downstream, upstream, and
standing waves were observed in the experiments. For
equivalence ratios in the range of 0.45—1.7 at an inlet
velocity of 0.25 m/s, downstream wave propagation
occurred, this corresponds to the superadabatic combus-
tion. With further increasing (>1.7) or decreasing (<0.45)
the equivalence ratio, the regime of propagation changed
to upstream and the maximum temperature in the packed
bed was no longer higher than the adiabatic temperature
for the specific inlet mixtures. The accompanying numeri-
cal simulation considered a fully developed steady combus-
tion wave using an one-temperature model. The GRI1.2
methane oxidation mechanism was used in their model
and the gas mixture thermal dispersion effect was included.
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Fig. 1. Schematic diagram of the porous burner.
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Hoffmann et al. [4] experimentally studied the behavior
of a reciprocating superadabatic combustion system and
the combustible limit was extended to an extremely low
equivalence ratio of 0.026 for methane/air mixtures. The
combustion wave was confined in the porous burner by
periodically changing the directions of the flow. During
the positive half cycle, the combustion wave traveled at a
roughly constant speed from the upstream side of the por-
ous media towards the downstream end.

Henneke and Ellzey [8] investigated low-velocity filtra-
tion combustion of lean methane/air mixtures in porous
media using an one-dimensional model with detailed chem-
istry. Gas-phase dispersion effect was taken into account.
Results showed that the gas-phase dispersion affected the
wave speed significantly only at higher equivalence ratios.

Recently, Bubnovich et al. [7] presented analytical solu-
tions for temperature and mass fractions of methane/air
mixture combustion in a packed bed. The solutions were
built in three different regions, i.e. the pre-heating region,
the reaction region and the one of combustion products.
Based on the solutions, the extension of the reaction
region, the ignition temperature and combustion wave
speed were also predicted. In their analysis an one-temper-
ature model was employed and the methane oxidation
mechanism was reduced to a global chemical reaction in
a single step.

It is obvious that no matter the gas flow is constantly
uni-directional or periodically changed in directions there
exist two relevant parameters in the LVR of filtration com-
bustion, namely, a nearly constant wave speed and a max-
imum temperature, as demonstrated by experiments [1–4]
and analytical solutions [6,7]. The combustion wave speed
uw and the maximum temperature (Tmax) represent major
characteristics of filtration combustion and there should
be a close relationship between them. Nevertheless, in spite
of the extensive studies mentioned above, there are few
researches focused on this relationship. In an early study
(1966), Soete [13] experimentally measured combustion
wave speed through a packed bed of sand for methane/oxy-
gen/nitrogen mixtures. An equation system was established
in a semi-empirical manner, which permits the prediction
of the combustion wave speed and its final temperature
as a function of the flow rate. However, an analytical solu-
tion to this relationship is still needed, which is objective of
the present work.

In the following section, we formulate a mathematical
model of filtration combustion in porous media and discuss
effects of important control parameters on uw and Tmax in
the wave. The performance of heat recirculation in the
combustion zone is subsequently analyzed by examining
the balance between different terms in the gas and solid
energy equations. Under the assumption that the reaction
zone is a flame sheet with an infinitesimal thickness, a rela-
tionship between uw and Tmax in the wave is obtained. It is
theoretically confirmed that the superadiabatic effect is a
result of the overlapping of the thermal wave and combus-
tion wave. Then, by means of the laminar flame theory [14],
the reaction zone is assumed to be a narrow region. Conse-
quently, another relationship between uw and Tmax in the
wave is deduced. Thus a closed analytical solution for uw

and Tmax is presented. Finally, the results of our analysis
and numerical simulation are validated against available
experimental data from the literature.
2. Mathematical model

2.1. Problem formulation

An inert porous burner tested by Zhandok et al. [1] was
considered in this study. Fig. 1 shows the geometry of the
burner used in our simulations and later analysis. The bur-
ner consists of a quartz tube with an internal diameter of
D = 76 mm and is packed with solid alumina pellets of
5.6 mm in diameter. Insulation layer surroundings the tube
was made to reduce heat loss to the surroundings.
2.2. Governing equations

The fact that thick insulation layers surrounded the
inside and outside of the burner wall makes the radial tem-
perature gradient inside the burner negligible and an one-
dimensional model is applicable for simulations. Neverthe-
less, the heat loss to the surroundings was considered in
computations and assumed to be proportional to the tem-
perature difference (Ts � T0) by the factor b [15]. To sim-
plify computations, the following assumptions were
introduced:

(1) Porous media filled in the packed bed are noncata-
lytic, homogeneous and optically thick.

(2) The working gas is non-radiating. Gas flow in porous
media is laminar and pressure loss in the burner is
neglected.

(3) The diffusion effect of species in the gas mixture is not
considered both in our simulations and later theoret-
ical analysis.

Under these assumptions, the conservation equations for
mass, species, as well as gas and solid temperatures can
be expressed as follows:
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oðeqgÞ
ot
þ

oðqgugÞ
ox

¼ 0 ð4Þ

eqg

oY i

ot
þ eqgug

oY i

ox
þ e _xi ¼ 0 ð5Þ

eqgcg

oT g

ot
þ eqgcgug

oT g

ox

¼ e
o

ox
kg

oT g

ox

� �
þ hvðT s � T gÞ þ eQ _xCH4

ð6Þ

ð1� eÞqscs

oT s

ot
¼ ðks þ kradÞ

o2T s

ox2
þ hvðT g � T sÞ

� bðT s � T 0Þ ð7Þ

where Q is the low heating value of fuel (in this study:
methane).

The volumetric heat transfer [8] between the solid and
gas phases, for the packed bed of alumina pellets is given
by

hv ¼ Nuv � kg=d2; Nuv ¼ 2þ 1:1Pr1=3Re0:6 ð8Þ

where d is average diameter of the pellets. Gas densities
were computed from the ideal gas equation of state for a
multicomponent mixture

P ¼ qgRT g=W ð9Þ

Radiation is an importance heat transfer mechanism in
the solid phase of packed bed, it enhances the heat transfer
in the bed and broadens the reaction zone. The extended
reaction zone exhibit intense surface radiation from the
packing material but due to multiple reflections is essen-
tially contained within an approximate length equal to
the tube diameter. Thus the gas in this region can be trea-
ted as a thick gas for computation. For simplicity a radia-
tion term is added to the solid thermal conductivity (ks) by
a radiant conductivity model [16]:

krad ¼ ð32erd=9ð1� eÞÞT 3
s ð10Þ

where r is Stephan–Boltzmann constant. For convenience
in later theoretical analysis, we combine the solid conduc-
tion and radiation conductivity as keff = ks + krad.

The reaction of methane combustion is described by a
single-step first-order Arrhenius type expression [15]:

_xCH4
¼ qgY CH4

A expð�E=RT gÞ ð11Þ
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Fig. 2. Propagation of a stable combustion wave in porous media
ðu ¼ 0:153; ug ¼ 0:43 m=s, b = 1000 W/m3 K, Dt = 300 s).
2.3. Boundary conditions

The following boundary conditions are considered in the
computations:

At the inlet:

T g ¼ 300 K; Y CH4
¼ Y CH4;in; Y O2

¼ Y O2;in

At the outlet:

oT g

ox
¼ oT s

ox
¼ oY CH4

ox
¼ oY O2

ox
¼ 0
2.4. Initial conditions and solution

The solid temperature was initialized according to the
experimentally measured temperature profile [1]. To allow
the gas and solid phases have own temperatures, user-
defined functions (UDF) and scalars (UDS) were imple-
mented and incorporated into the commercial CFD code
FLUENT6.1. A mesh independence test of the computa-
tional results was conducted and an uniform 525 � 38
mesh was used for all computations. A residual error of
10E�6 for energy equations and 10E�3 for all other equa-
tions were taken as convergence criterions. The thermo-
physical properties of alumina pellets were taken to be
constants [16], while gas properties varied with the gas spe-
cies and temperature.
3. Computational results and discussion

3.1. Stable self-sustaining combustion wave

Typical gas and solid temperature profiles along the
packed bed axis obtained from numerical solution under
the experimental conditions of Zhdanok et al. [1] with a
gas velocity of ug = 0.43 m/s and an equivalence ratio of
u = 0.153 are shown in Fig. 2, in which the experimental
results are also presented for comparison. We can see
clearly a series of stable and self-sustaining combustion
waves with a time interval of 300 s. As time goes on, the
high temperature zones for both the gas and solid phases
are broadened as the wave propagates because chemical
energy is continuously input into the combustion zone.
However, both uw and Tmax remain almost unchanged
throughout the process. The numerical result shows a qual-
itative agreement with the experiment. There is a discrep-
ancy in the maximum temperature, which might be
attributed to the uncertainties in the thermal properties
of the packed bed as well as to the global methane oxida-
tion mechanism used in the simulation. Furthermore, the
superadiabatic temperature in the combustion wave is
clearly demonstrated in Fig. 2. The equivalence ratio under
consideration in this case (u = 0.153) could not support a
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flame in an open tube, according to the experimental
results by Mare et al. [17]. However, in our case there is
a stably propagating combustion wave in the packed bed
and the predicted Tmax is approximately 2.8 times the adi-
abatic temperature of the inlet mixture, indicating a prom-
inent superadiabatic effect.
3.2. Heat recirculation in flame zone

As mentioned above, a mixture with an equivalence
ratio of 0.153 cannot support a flame in an open tube,
whereas a combustion wave is able to propagate through-
out the entire porous medium burner at the same inlet con-
dition. This is due to the self-organizing energy feedback
provided by the porous medium. To deepen the under-
standing of the heat recirculation effect in flame zone
induced by the porous media, we examine the relative mag-
nitudes of the different terms in the gas and solid energy
equations, as shown in Fig. 3a and b. Here, the energy bud-
get is normalized by the maximum heat release in the
packed bed for the case of u = 0.2 and ug = 0.43 m/s.
Fig. 3a shows that the energy release by chemical reaction
is mostly balanced by advection and the rest is by conduc-
tion and convection (the heat exchange between the gas
and the solid: the fourth term in the normalized Eq. (6)).
In the pre-heat and thermal relaxation zones of the flame,
heat transfer from solid to gas is balanced by advection.
In the pre-heat zone, the gas is effectively preheated by con-
vection while gas loses heat to the solid in the thermal
relaxation zone. Fig. 3b demonstrates that the enthalpy
feedback is provided mainly via convection and radiation.
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Fig. 3. Energy budget in porous media burner flame (u = 0.2,
ug = 0.43 m/s, b = 600 W/m3 K). (a) Gas phase in flame zone; (b) solid
phase in flame zone.
Through these transport processes the heat release from the
reaction is redistributed and a heat feedback from high
temperature gas product to the unburnt mixture is realized.
From Fig. 3b, it can be found that the heat loss to the sur-
roundings is relative small and negligible in the whole flame
zone.
3.3. Influence of porous media properties and inlet mixture

The sensitivity of the combustion wave to the heat
capacity of the porous medium is shown in Fig. 4, in which
the combustion wave velocity uw and the maximum tem-
perature Tmax across the wave are plotted against equiva-
lence ratio. With increasing equivalence ratio, uw

decreases because more fuel has to be consumed, while
Tmax increases due to larger heat input to the system. It
is remarkable that the heat capacity of the porous media
has a significant effect on uw. When the heat capacity is set-
tled to 0.5 times, then uw is as large as almost 2 times of the
original value. At the same time it is shown that Tmax is
almost independent of the heat capacity of the packed
bed. These results are consistent with theoretical predic-
tions [1]. As shown in Eq. (2), the thermal wave speed ut

is inversely proportional to the heat capacity of the solid
packed bed. On the other hand, numerical predictions indi-
cate that uw is directly proportional to the heat capacity of
the packed bed. Thus, from Eq. (1) it can be concluded that
Tmax keeps approximately constant when the heat capacity
is changed under the condition that the heat loss to the sur-
roundings is ignored.

According to Ref. [11], a strong interphase heat
exchange in the zone of chemical transformation and a
combustion wave velocity of about 0.1 mm/s are typical
for the LVR. To examine the importance of the convective
heat transfer (hv) to uw, extensive simulations were per-
formed at the same condition as that shown in Fig. 4
(u = 0.153–0.5, ug = 0.43 m/s and b = 600 W/m3 K).
Results indicate that increasing convective heat transfer
(predicted by Eq. (6)) by 10 times induces a slight decrease
in uw (�20%) when the equivalence ratio is less than 0.2.
With further increasing equivalence ratio from 0.2 to 0.5,
a decrease about 40% in uw is found. Hence, it can be con-
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cluded that the convection heat transfer has a weak influ-
ence on uw.

The thermal conductivity of the packed bed has, theo-
retically, important influence on the behavior of combus-
tion wave [8] and the conductivity is in turn greatly
dependent on the specifics of the packing. Unfortunately,
the detailed specifics of the bed in the experiment of Zhd-
anok et al. [1] are not available, such as the packing force
applied. Thus we had to use values from the literature for
the heat conductivity, which brought some uncertainties
in the computation. Fig. 5 shows the predictive influence
of the solid heat conduction on uw and Tmax. With increas-
ing solid conductivity, the conductive heat fluxes from the
hot flame zone to the colder parts of the burner increases,
i.e. the heat feedback from the flame front is enhanced. As
a consequence, the temperature peak Tmax in the flame
zone becomes lower. The Tmax for the case with a solid con-
ductivity ks = 0.2 is higher by 76 K than that for ks = 1.3 at
the equivalence ratio of 0.153. This indicates that it is
advantageous to use a porous medium with lower heat con-
ductivity in the burner for realization of an extremely lean
combustion, as in this way a higher combustion tempera-
ture can be attained. Another consequence induced by lar-
ger solid conductivity is an increase in the combustion
wave speed uw. However, it is shown by computations that
solid conductivity has little influence on uw and Tmax when
the equivalence ratio is larger than 0.3.

It should be noted here that in reality an effective con-
ductivity depends to a great extent upon the packing char-
acteristics and the conductivity of the packing spheres can
be varied over a couple of orders of magnitude. As a result,
the computed effect of the thermal conductivity might be
within the experiment uncertainty and therefore not
significant.

Fig. 6 describes the influence of heat loss on uw and
Tmax. As expected, increasing heat loss to the surroundings
leads to an increase in the wave speed and a decrease in the
maximum temperature over the investigated range of
equivalence ratio. Calculation results show that in the
equivalence ratio range of 0.153–0.2, the heat loss has sig-
nificant effect on wave propagation. For a given larger heat
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Fig. 5. The influence of heat conductivity on uw and T max, (ug = 0.43 m/s,
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loss factor (b = 1400 W/m3 K), a lean mixture (u = 0.153)
will be ignited and the wave can initially propagate down-
stream for a short time period, but heat losses will cause a
gradual decay of Tmax and eventually lead to an extinction.
Consequently, the combustion wave cannot propagate
throughout the burner. This corresponds to the extinction
limit of wave propagation induced by heat loss. However,
by increasing equivalence ratio to 0.17, a steadily traveling
combustion wave is obtained and it propagates continu-
ously to the burner exit. On the other hand, the mixture
of lower equivalence ratio (u = 0.153) can also stably prop-
agate at a relative lower heat loss (b = 1000 W/m3 K).
However, with further increasing in equivalence ratio from
0.3 to 0.5, the heat loss has little influence on Tmax.

Fig. 7 depicts gas and solid temperature profiles for
three different equivalent ratios at the time of 1500 s. It is
obvious that the leaner the mixture is, the faster the wave
propagates. The temperature differences between the gas
and solid phases are relative small except for the reaction
zone. This indicates that the thermal non-equilibrium
between the two phases is relative low off the flame zone
due to strong interstitial heat transfer. At the same time,
the efficient heat transfer ensures the coupling between
the thermal wave and combustion wave. The interphase
temperature differences within the flame zone are getting
larger with increasing equivalence ratio. Correspondingly,
using an one-temperature model in the reaction zone may
result in large discrepancies when the mixture is not extre-
mely lean.
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4. Theoretical analysis

4.1. Overlapping of thermal wave and combustion wave

To clarify the mechanism of the overlapping of the ther-
mal wave and combustion wave, a theoretical analysis of
the temperature distribution in the burner is performed.
To simplify the problem, we assume that heat exchange
between the gas and solid phases takes place very fast, so
that their temperatures rapidly equilibrate. Thus, we need
only consider a single temperature field. The thermal con-
ductivity and capacity of the porous media are considered
to be large relative to those of gas mixtures. The heat loss
to the surroundings is ignored. In the following analysis the
reaction sheet approximation is employed, consequently,
the reaction rate may be replaced by a Dirac d-function.
Under the one-temperature approximation, Eqs. (6) and
(7) can be combined and then divided by (1 � e)qscs, we
obtain the temperature distribution in the burner:

oT
ot
þ ut

oT
ox
¼ X

o
2T

ox2
þ

eqgcgDT addðxÞ
ð1� eÞqscs

ð12aÞ

T ðx; 0Þ ¼ T 0ðxÞ ð12bÞ

where X ¼ keff

ð1�eÞqscs
.

The initial temperature distribution T(x, 0) is assumed to
be the same as the initial pre-heating temperature profile in
the experiment of Zhandok et al. [1].

Eq. (12) can be solved by a Fourier transformation. To
do this, the temperature T has to be replaced by T � T0 to
ensure the following boundary condition:

x! �1;þ1; T ¼ 0;
dT
dx
¼ 0 ð13Þ

Eq. (12) is an initial value problem and its analytical
solution can be found which is divided into two parts
(for detail of the solution process see Appendix A):

T ðx; tÞ ¼ T 1ðx; tÞ þ T 2ðx; tÞ ð14Þ
where

T 1ðx; tÞ ¼
1ffiffiffiffiffiffiffiffiffiffi

4pXt
p

Z þ1

�1
ðT 0ðnÞ� T 0Þ

exp �ðx� n� tutÞ2

4Xt

 !
dnþ T 0;

T 2ðx; tÞ ¼
eqgcgDT ad

ð1� eÞqscs

Z t

0

1ffiffiffiffiffiffiffiffiffiffiffiffi
4pXs0
p exp �ðx� uts0Þ2

4Xs0

 !
ds0

Eq. (12) and its solution are similar to those given by Ref.
[18], in which Aldushin et al. presented temperature fields
for the filtration combustion between a reactive filtering
gas and solid fuel. Eq. (14) shows that the temperature in
the burner is induced jointly by both the thermal wave
and the combustion wave. The first term in the right hand
of Eq. (14) accounts for the effect of the initial temperature
field T(x, 0) on the temperature distribution, and the sec-
ond term represents the effect of reaction heat. The effect
of the initial temperature on the temperature distribution
decays as time goes on. Eq. (14) demonstrates theoretically
that the superadiabatic effect is a result of the overlapping
of the thermal and combustion waves in the porous media
under certain conditions.

4.2. Analysis of combustion wave

In the following a theoretical analysis of a combustion
wave in porous medium is presented. Considering a pre-
mixed fuel/air mixture that enters the packed bed with an
equivalence ratio u and initial temperature T0 as well as
a mixture inlet velocity ug. In our one-dimensional model
a fully developed wave moving at a constant speed uw in
the porous bed is examined. Under the reaction sheet
assumption the reaction front can be seen as infinite thin
and, as noted above, the reaction rate may be represented
by a Dirac d-function. Thus, in a reference frame of a
new coordinate n = x � uwt which is attached to the reac-
tion front moving in the x-direction with velocity uw,
Eqs. (5) and (12a) are transformed as (noting that uw� ug)

qgug

dY fuel

dn
þ _xfuel ¼ 0 ð15Þ

ðeqgcgug � ð1� eÞuwqscsÞ
dT
dn

¼ keff
d2T

dn2
þ eqQ _xfuel � bðT � T 0Þ ð16Þ

Here the heat loss is included in Eq. (16). The following
dimensionless parameters and variables are introduced [1]:

v ¼ n
eqgcgug

; H ¼ T � T 0

DT max

; a ¼ keff

ðeqgcgugÞ2
;

DT max ¼ T max � T 0; u ¼ uw

ut

After a variable substitution, Eq. (16) is rewritten as

a
d2H
dv2
� ð1� uÞ dH

dv
� bHþ DT addðvÞ

DT max

¼ 0 ð17Þ

Boundary conditions for Eq. (17) are

v! �1;þ1; H ¼ 0;
dH
dv
¼ 0 ð18Þ

Hð�0Þ ¼ Hðþ0Þ ¼ 1 ð19aÞ

H0ð0þÞ �H0ð0�Þ ¼ DT ad

aDT max

ð19bÞ

Eq. (17) is a two-order linear ordinary differential equation
with constant coefficients. The corresponding characteristic
polynomial for its homogeneous counterpart is

ak2 � ð1� uÞk � b ¼ 0 ð20Þ

Eq. (20) has two characteristic roots:

k1;2 ¼
1

2a
ð1� uÞ � 1

2a
ð1� uÞ2 þ 4ab
h i0:5

ð21Þ

where k1 > 0 and k2 < 0.
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Correspondingly, Eq. (17) with the boundary conditions
(18) and (19) has a solution in the following dimensionless
form:

v < 0; HðvÞ ¼ ek1v; v > 0; HðvÞ ¼ ek2v ð22Þ

The maximum temperature Tmax in the wave is determined
from (19) and (22)

T max ¼
DT ad

½ð1� uÞ2 þ 4ab�0:5
þ T 0 ð23Þ

Eq. (23) presents a relationship between two variables, uw

and Tmax.
In the above analytical solution, the reaction zone thick-

ness is disregarded in order to be able to integrate the
energy equation following previous researchers [1,6]. In
reality, the reaction zone in the PM is quite thick. How-
ever, as we can observe from measured temperature distri-
butions in the combustion wave (Fig. 2), the temperature
has always a localized peak value, i.e. a maximum and it
is getting down rapidly in the both sides of the peak. This
means that the reaction takes place most intensively in a
limited narrow area around the front. Based on this obser-
vation, the flame sheet approximation can be considered
justified. Recently, Bubnovich et al. [7] presented an analyt-
ical solution for the filtration combustion in a packed bed
in which the longitudinal extension of the reaction region
was considered. In the later theoretical analysis of this
work we will also treat the flame thickness as a narrow
reaction zone.

To find both of uw and Tmax, we have to establish
another expression. To do this we employ an approach
from the laminar premixed flame theory [14], according
to which, the entire flame zone can be divided into two
regions: the pre-heating region, np < n < ni, and the reac-
tion region, ni < n < nmax. The subscripts p, i and max,
denote the initial, ignition and maximum positions in the
n-direction, respectively.

Because of the large energy of activation of hydrocarbon
fuels, most of the combustion reactions take place at tem-
peratures near the maximum flame temperature and indeed
the ignition temperature Ti is very close to the flame tem-
perature [14]. We assume that fuel is completely consumed
in the reaction zone. This means that fuel cannot leak
through the combustion wave. On the other hand, chemical
reactions are neglected in the pre-heating zone. Conse-
quently, Eq. (16) can then be reduced to

B
dT
dn
¼ kp

eff

d2T

dn2
� bðT � T 0Þ ð24Þ

where B = (eqgcgug � (1 � e)uwqscs), the superscript p and
the later used r denote the averaged value in the corre-
sponding pre-heating and reaction regions, respectively.
In the pre-heating region, the boundary conditions for
Eq. (24) are
n ¼ np;
dT
dn
¼ 0; T ¼ T 0; Y fuel ¼ Y 0

fuel; n ¼ ni�;

Y fuel ¼ Y 0
fuel ð25Þ

Integrating Eq. (24) from n = np to n = ni� over the pre-
heating region with the boundary conditions (Eq. (25))
yields

dT
dn

����
n¼i�
¼ BðT i � T 0Þ

kp
eff

þ b
kp

eff

Z ni�

np

ðT � T 0Þdn ð26Þ

In Eq. (26), the variable T � T0 varies from zero to Ti � T0

over the integrated interval and we take its average value as
(Ti � T0)/2. Thus, Eq. (26) can be reduced to

dT
dn

����
n¼i�
¼ ð2Bþ bDpÞ

2kp
eff

ðT i � T 0Þ ð27Þ

where Dp = ni� � np. Under the assumption that the slope
of the temperature curve is linear in the pre-heat region,
Dp could be approximated by the expression:

Dp ¼ ðT i � T 0Þ=
dT
dn

����
n¼i�

ð28Þ

Substituting Eq. (28) into Eq. (27) and eliminating unreal
value, we obtain:

dT
dn

����
n¼i�
¼ ðT i � T 0Þ

2kp
eff

ðBþ ðB2 þ 2bkp
effÞ

0:5Þ ð29Þ

In the reaction region, the convective term can be
ignored according to the laminar flame theory. Further-
more, if heat loss is not taking into account (b = 0), Eq.
(16) is then reduced to the following expression:

kr
eff

d2T

dn2
þ eQ _x ¼ 0 ð30Þ

The corresponding boundary conditions for Eq. (30) are

n ¼ niþ;
dT
dn

����
n¼i�
¼ dT

dn

����
n¼iþ

; Y fuel ¼ Y 0
fuel ð31aÞ

n ¼ nmax;
dT
dn

����
nmax

¼ 0; Y fuel ¼ 0 ð31bÞ

Substituting Eq. (30) into Eq. (15) and integrating it from
an arbitrary point in the reaction region to nmax with
boundary condition (Eq. (31)), we obtain

Y CH4
¼ kr

eff

eqgugQ
dT
dn

ð32Þ

Substituting Eq. (32) into Eq. (30) yields

d2T

dn2
þ A

ur
g

dT
dn

expð�E=RT Þ ¼ 0 ð33Þ

Integrating Eq. (33) from ni to nmax in the reaction region
with boundary condition (Eq. (31)) yields

dT
dn

����
iþ
¼ A

ur
g

Z T max

T i

expð�E=RT ÞdT ð34Þ
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We integrate Eq. (34) as Ref. [14] and introduce follow-
ing dimensionless parameters and variables [14]:

h ¼ T � T max

T max � T i
; c ¼ RT 2

max

EðT max � T iÞ
; a ¼ RT max

E
ð35Þ

Substituting Eq. (35) into Eq. (34) and integrating it, one
obtains

dT
dn

����
iþ
¼ ART 2

max

ur
gE

expð�E=RT maxÞð1� expð�1=cÞÞ ð36Þ

Now, substituting Eqs. (29) and (36) into Eq. (31), we ob-
tain finally another relationship between uw and Tmax:

uw ¼ ut þ
ðB2 þ 2bkp

effÞ
0:5

ð1� eÞqscs

� 2kp
eff ART 2

max

ur
gEðT i � T 0Þð1� eÞqscs

� expð�E=RT maxÞ

� 1� exp
EðT i � T maxÞ

RT 2
max

� �� �
ð37Þ

Eq. (37) may be reduced to a simpler form when the heat
loss is ignored:

u ¼ 1�
eqgcgk

p
eff ART 2

max

ur
gEðT i � T 0Þ

� expð�E=RT maxÞ

1� exp
EðT i � T maxÞ

RT 2
max

� �� �
ð38Þ

Eqs. (23) and (37) build a closed solution for the combus-
tion wave speed uw and the maximum temperature Tmax

and can be solved easily with a short computer code.

4.3. Analysis of the theoretical results of combustion waves

In solving Eqs. (23) and (37), variations of gas thermo-
physical properties with temperature are taken into
account in such a simple manner that their average values
over a corresponding specific zone are used. The gas mix-
ture properties are approximated by those of air due to rel-
ative smaller content of fuel in the mixture. The gas
properties are taken as their values at the adiabatic temper-
ature of the inlet fuel/air mixture except for the reaction
zone. In the flame zone, the gas properties are specified
as the average values between their values at the ignition
temperature and those at the maximum temperature. In
addition, the properties of the porous media are assumed
to be constants with respect to the temperature as in the
above numerical simulations. For simplification, the igni-
tion temperature for methane is given as [14]

T i ¼ 0:75T max

For a theoretically predicted combustion wave speed uw,
the temperature field in the packed bed defined by Eq.
(22) now can be solved. Fig. 8 presents a comparison be-
tween the temperature profiles given by theory and by
experiment. The entire temperature profile is divided into
two parts by v = 0 (corresponds to x = 0.1 approximately
in Fig. 8), i.e. the pre-heat region and the reaction region.
The temperature distribution is continuous but not smooth
in comparison with the numerical results (see e.g. Figs. 2
and 7). In addition, the convective heat exchange between
the gas and solid phases cannot be predicted due to the
assumption of the local thermal equilibrium.

Fig. 9 shows the effect of the equivalence ratio on uw for
three different gas inlet velocities. Increasing the inlet mix-
ture velocity leads to an increase in the wave speed. Vary-
ing the equivalence ratio seems to have significant influence
on the combustion wave speed. The larger the equivalence
ratio of the methane/air mixture is, the grater the combus-
tion wave speed becomes.

Furthermore, the prediction results show that there exist
two different combustion waves propagating in positive or
negative directions, which correspond to wave speeds
greater or less than zero, respectively. As shown in
Fig. 9, a critical case of uw = 0 is observed at the equiva-
lence ratio of 0.582 for the inlet mixture velocity
ug = 0.43 m/s, indicating that the combustion wave stays
and fixed at a certain position of the packed bed. When
the equivalence ratio is greater than 0.582, the wave speed
becomes negative, implying that the combustion wave
propagates upstream in the opposite direction of the gas
flow. In this case the superadiabatic effect is no longer real-
izable, instead, a subadiabatic combustion takes place, in
which the maximum temperature in reaction zone is lower
than the adiabatic flame temperature. Eq. (1) also indicates
that when the thermal wave and combustion wave propa-
gates in the same direction and the ratio uw/ut become
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unity, the combustion temperature Tmax is infinite, imply-
ing a maximal energy accumulation. Accordingly, it can
be concluded that the prerequisite for superadiabatic com-
bustion is that the combustion wave propagates in the same
direction with the thermal wave. Figs. 10 and 11 show com-
parisons of our numerical and theoretical results to the
experimental data [1,19] and theoretical solution by Bub-
nobich et al. [7]. Qualitative agreement between the numer-
ical and theoretical model can be noted. The numerical and
theoretical predicted uw and Tmax are, respectively, greater
and less than the corresponding experimental results, as
shown in Figs. 10 and 11. For comparison, similar analyt-
ical solutions from Ref. [7] are also indicated in Figs. 10
and 11.
5. Conclusion

Numerical simulation and theoretical analysis of low-
velocity filtration combustion have been presented. Numer-
ical results show that under lean mixture condition, the
most important control parameter affecting the combustion
wave speed uw is the thermal capacity of the porous media
in the packed bed combustor. On the other hand, the ther-
mal capacities have weak influence on the maximum tem-
perature Tmax. A weak dependence of uw and Tmax on
convective heat transfer is also demonstrated by the numer-
ical calculation. Heat loss to the surroundings through the
burner walls has influence on both the wave speed and the
maximum temperature. To attain a higher combustion
temperature, it is advantageous to arrange porous material
with smaller conductivity in the reaction zone of the bur-
ner. In this way, a stable superadiabatic combustion is fea-
sible even for extremely lean mixtures.

Based on the gas–solid thermal equilibrium assumption
by using an one-temperature model, the solution of the
temperature distribution in the burner has been found by
a Fourier transformation and expressed as a sum of two
parts: a thermal wave temperature field and a combustion
wave one. This result reveals that the mechanism of sup-
eradiabatic combustion is attributed to the overlapping
of the thermal wave and combustion wave under certain
conditions.

Finally, based on the flame sheet assumption and lami-
nar flame theory, two relationships between the wave speed
and the maximum temperature across the wave are estab-
lished and this leads to a closed solution. Qualitative agree-
ments of the numerical simulation and theoretical analysis
with the experimental results have been obtained.
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Appendix A

The solution process of Eq. (12) is presented in the fol-
lowing. We rewrite Eq. (12a) and its initial condition here
for convenience:

oT
ot
þ ut

oT
ox
¼ X

o2T
ox2
þ

eqgcgDT addðxÞ
ð1� eÞqscs

ð12aÞ

T ðx; 0Þ ¼ T 0ðxÞ ð12bÞ

A new variable W(x, t) is introduced as

T ðx; tÞ ¼ W ðx; tÞ exp
ut

2X
x� u2

t

4X
t

� �
ðA:1Þ

Eq. (12a) then becomes

oW
ot
¼ X

o2W
ox2
þ gðx; tÞ ðA:2Þ

where

gðx; tÞ ¼
eqgcgDT addðxÞ
ð1� eÞqscs

exp � ut

2X
xþ u2

t

4X
t

� �
ðA:3Þ

Correspondingly, Eq. (12b) becomes

W ðx; 0Þ ¼ ðT 0ðxÞ � T 0Þ exp � ut

2X
x

� �
ðA:4Þ

We take Fourier transformation for W(x, t) as

W ðj; tÞ ¼
Z þ1

�1
W ðx; tÞeijx dx
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Substituting this expression into Eq. (A.2), one obtains

dW
dt
¼ �Xj2W þ �gðj; tÞ ðA:5Þ

By Fourier transformation, Eq. (A.4) becomes

W ðj; 0Þ ¼ �uðjÞ

¼
Z þ1

�1
ðT 0ðxÞ � T 0Þ exp � ut

2X
x

� �
expðijxÞdx

ðA:6Þ

Eq. (A.5) has a solution in the following form:

W ¼ �uðjÞe�Xj2t þ
Z t

0

�gðj; tÞe�Xj2ðt�sÞ ds ðA:7Þ

We then take an inverse Fourier transformation of Eq.
(A.7) as

W ¼ F �1 �uðjÞe�Xj2t
h i

þ F �1

Z t

0

�gðj; tÞe�Xj2ðt�sÞds

� 	
ðA:8Þ

where

F �1½�uðjÞe�Xj2t� ¼ F �1½�uðjÞ� � F �1½e�Xj2t�

F �1½�uðjÞ� ¼ ðT 0ðxÞ � T 0Þ exp � ut

2X
x

� �
F �1½e�Xj2t� ¼ 1ffiffiffiffiffiffiffiffiffiffi

4pXt
p exp � x2

4Xt

� �

The second term in Eq. (A.8) can be written as

F �1½�uðjÞe�Xj2t� ¼ 1ffiffiffiffiffiffiffiffiffiffi
4pXt
p

Z þ1

�1
ðT 0ðxÞ � T 0Þ

� exp � ut

2X
n

� �
exp �ðx� nÞ2

4Xt

 !
dn

The third term in Eq. (A.8)

F �1

Z t

0

�gðj; tÞe�Xj2ðt�sÞds

� 	
¼ 1

2p

Z þ1

�1

Z t

0

�gðj; tÞe�Xj2ðt�sÞe�ijxdsdj

¼
Z t

0

1

2p

Z þ1

�1
�gðj; tÞe�Xj2ðt�sÞe�ijx djds

¼
Z t

0

F �1 �gðj; tÞe�Xj2ðt�sÞ
h i

ds

¼
Z t

0

gðx; tÞ � F �1 e�Xj2ðt�sÞ
h i

ds

¼
Z þ1

�1

Z t

0

eqgcgDT addðnÞ
ð1� eÞqscs

� exp � ut

2X
nþ u2

t

4X
s

� �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4Xpðt� sÞ
p

� exp � ðx� nÞ2

4Xðt� sÞ

 !
dnds

by adding the second term to the third one in Eq. (A.8),
one obtains
W ¼ 1ffiffiffiffiffiffiffiffiffiffi
4pXt
p

Z þ1

�1
ðT 0ðxÞ � T 0Þ exp � ut

2X
n

� �

� exp �ðx� nÞ2

4Xt

 !
dn

þ
Z t

0

Z þ1

�1

eqgcgDT addðnÞ
ð1� eÞqscs

exp � ut

2X
nþ u2

t

4X
s

� �

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Xpðt � sÞ

p exp � ðx� nÞ2

4Xðt � sÞ

 !
dnds ðA:9Þ

Substituting Eq. (A.9) into Eq. (A.1), we get

T ðx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
4pXt
p

Z þ1

�1
ðT 0ðxÞ� T 0Þexp �ðx� n� uttÞ2

4Xt

 !
dn

þ T 0þ
eqgcgDT ad

ð1� eÞqscs

exp
ut

2X
x� u2

t

4X
t

� �

�
Z t

0

Z þ1

�1
dðnÞ exp � ut

2X
nþ u2

t

4X
s

� �

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Xpðt� sÞ

p exp � ðx� nÞ2

4Xðt� sÞ

 !
dnds ðA:10Þ

The last term in Eq. (A.10) can be reduced to

eqgcgDT ad

ð1� eÞqscs

Z t

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Xpðt � sÞ

p exp � x� utðt � sÞð Þ2

4Xðt � sÞ

 !
ds

Defining a new integration variable as t � s = s0, the last
term in Eq. (A.10) can further be reduced to

eqgcgDT ad

ð1� eÞqscs

Z t

0

1ffiffiffiffiffiffiffiffiffiffiffiffi
4pXs0
p exp � x� uts0ð Þ2

4Xs0

 !
ds0

Thus we get T(x, t) as

T ðx; tÞ ¼ T 1ðx; tÞ þ T 2ðx; tÞ ðA:11Þ

where

T 1ðx; tÞ ¼
1ffiffiffiffiffiffiffiffiffiffi

4pXt
p

Z þ1

�1
ðT 0ðxÞ � T 0Þ

� exp �ðx� n� uttÞ2

4Xt

 !
dnþ T 0 ðA:12Þ

T 2ðx; tÞ ¼
eqgcgDT ad

ð1� eÞqscs

Z t

0

1ffiffiffiffiffiffiffiffiffiffiffiffi
4pXs0
p exp � x� uts0ð Þ2

4Xs0

 !
ds0

ðA:13Þ
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